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Spectral representation
of images

Paweł Forczmański
Chair of Multimedia Systems, Faculty of Computer Science and Information Technology

Computer Science, S1, ERASMUS 
2013/2014 lecture #5
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1. image spectrum1. image spectrum

3. filtering3. filtering

2. FFT2. FFT

AgendaAgenda

4. JPEG / JFIF4. JPEG / JFIF
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image
f(x,y)

Conversion
to digital form

Image
pre-processing

Features
extraction

Conversion to output
form

Output image

Features

DIP schemeDIP scheme
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Jean Baptiste Joseph FourierJean Baptiste Joseph Fourier
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TransformationsTransformations

local transform

point transform

global transform
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Global, linear transformationGlobal, linear transformation
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General propertiesGeneral properties

P and Q are real, orthogonal and symmetric:

Properties:

separability

Is symmetric
Is orthogonal
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For continous functions

Fourier transform for 1DFourier transform for 1D

direct

inverse
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Fourier transform for 2DFourier transform for 2D

For continous functions

direct

inverse
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Exemplary transformsExemplary transforms
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An image is assumed to be a discrete function with a size of (N,N), 
and periodical!

Digital image as a discrete functionDigital image as a discrete function
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FT for discrete functionsFT for discrete functions
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Separability of Fourier Transform means that:

             
 2D FT = FT along rows → FT along columns of an image 

Practical propertyPractical property
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General propertiesGeneral properties
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Image spectrum can be decomposed into module (abs) and phase

Graphical representation of typical complex numbers →

Phase and a module of spectrumPhase and a module of spectrum
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Module is often named „amplitude spectrum” or „power spectrum” whi-
le phase is known as „phase spectrum”

Sample image module phase

Phase and modulePhase and module
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We start from general formula:







1

0

2 1,0),exp()()(
N

n

N
Nkkn  jnxkC 

The calculations require N*N computations with complex numbers.

In order to reduce the computations number we transform above
formula...

Fast Fourier Transform (FFT)Fast Fourier Transform (FFT)
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Input vector X is decomposed into two vectors:

X (p)
 i  X (np) according to the following :

where “p” means even alements and  “np” - odd elements.

Hence we decompose the vector using above assumption:

1
2

,0,
)12()(

)2()(
(n p) for






 Nn

nxnX
nxnX (p)

FFT (2)FFT (2)
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FFT (3)FFT (3)
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FFT = descrete FT (DFT), where a period is equal to N/2 próbek,

Cooley-Tuckey - FFT (4)Cooley-Tuckey - FFT (4)

 FFT  for  N = 8  W j k N k NN
k     exp / , ,2 0 1

k N W WN
k N

N
k  ( / ), /2 2  
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DFT  for  N = 4 is simple:

  FFT (5)FFT (5)
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When we join all previous elements, we get:

  FFT  for  N = 8 ,  W j k N k NN
k     exp / , ,2 0 1

  FFT (6)FFT (6)
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Spectrum and its applications:

Filtering
Analysis of features (recognition)
Coding
Compression
Digital watermarking

Still images and video
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The general idea of filtering in the frequency domain

Input
image

Filter
mask

Input
image

soectrum

Output
spectrum

Frequency domainspatial domain

Output
image
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DCT (ang. discrete cosine transform)

Transforms limited number N of real elements
g(0), … , g(N-1)

into another N real elements
G(0), ..., G(N-1) 

According to:

DCTDCT
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DCT spectrumDCT spectrum
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DCT 1DDCT 1D

Let us assume that f(i, j) is a pixel at the coordinates (i, j), and F(u, v) is 
a transformation result (where U and V  represent I i J):

for for for fororor
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DCT2DCT2
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Obliczanie DCT2D na podstawie DCT Obliczanie DCT2D na podstawie DCT 
1D1D
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JPEG ?

In computing, JPEG - named after its creator the Joint 

Photographic Experts Group - (/ˈdʒeɪpɛɡ/ JAY-peg) (seen 

most often with the .jpg extension) is a commonly used 

method of lossy compression for digital photography (i.e. 

images). The degree of compression can be adjusted, 

allowing a selectable tradeoff between storage size and 

image quality. JPEG typically achieves 10:1 compression with 

little perceptible loss in image quality, and is the file type most 

often produced in digital photography.
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Input data for JPEG:

Monochormatic image – single matrix of natural numbers

Color image (RGB mostly) – three matrices of natural 

numbers, responsible for three elementary channels
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AlgorithmAlgorithm

optional

For each of matrices

optional

For each 
block

DCT2 quantization zigzag

Binary form

quantization

Huffmann 
coding DPCM, RLE
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Input image is defined as 3 matrices:

       R=[ r
ij
 ], G=[ g

ij
 ], B=[ b

ij
 ];

After conversion we have 3 matrices Y,I,Q:

[
yij

iij

q ij
]=[ 0.229 0.587 0.114

−0.168 −0.257 −0.321
0.212 −0.528 0.311 ][

rij

g ij

b ij
]

YIQYIQ
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=

+ W
1
*

+ W
2
*

+ W
3
*

+   . . .

Base functionsBase functions
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DecompositionDecomposition

Block after transformation Band-images
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Block after 
DCT2 / Quant

Table = Output

QuantizationQuantization

Quantization matrix Q
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Zigzag makes vectors 1x 64 out of 8x8 matrices

Zig-zagZig-zag
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After zigzag...After zigzag...

Współczynniki DCT (reprezentacja 1D)Vector representation
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Why DCT not FFT?Why DCT not FFT?
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8kB - JPEG

8kB - JPG2000

45kB - JPEG

ComparisonComparison


